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Analytical Solution of Three-Dimensional
Realistic True Proportional Navigation
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True proportional navigation with varying closing speed is called realistic true proportional navigation, which
is implemented in practice. Our main goal is to derive the complete solutions of three-dimensional realistic true
proportional navigation for nonmaneuvering and maneuvering targets. Three coupled nonlinear second-order
state equations describing the relative motion are solved analytically without any linearization for performance
and trajectory analysis. Properties of three-dimensional realistic true proportional navigation such as capture
region, range-to-go, time-to-go, and two aspect angles within spherical coordinates are all obtained in closed form.
Furthermore, the two-player game between three-dimensional realistic true proportional navigation and three-
dimensional ideal proportional navigation is investigated analytically in the pursuit-evasion scenario, where a
realistic true proportional navigation guided missile is designed to pursue an ideal proportional navigation guided
target. It is found that an ideal proportional navigation guided target is much harder to intercept than a realistic
true proportional navigation guided target.

I. Introduction

PROPORTIONAL navigation (PN) for short-range tactical mis-
siles is the optimal interceptive law in the sense of producing

zero miss distance with the least integral square control effort. PN
has been studied since the 1940s. During the four decades that fol-
lowed, proportional navigation has been explored in many different
ways, such as true proportional navigation, pure proportional nav-
igation (PPN), generalized proportional navigation, realistic true
proportional navigation (RTPN), and ideal proportional navigation
(IPN).1-20

It has long been recognized that there exists a significant differ-
ence in the way in which PN guidance law is analyzed and in the way
in which it is implemented. Most analytical studies of PN assume
that the closing velocity in the PN guidance law is constant, whereas
in realistic situations, the instantaneous closing speed may be contin-
uously estimated or measured using devices such as homing seekers
with Doppler radar. To remove this difference, RTPN, which adapts
to varying closing speed, has recently been proposed. Performance
and trajectory analysis of two-dimensional RTPN was studied by

Yuan and Chern,14 and the capture region of RTPN was investigated
by Ghose19 and Dhar and Ghose.17 Degradation in the capture region
for RTPN has been observed.

Because of the difficulties in analysis, most analytical stud-
ies on PN guidance laws in the past used two-dimensional mod-
els, although actual pursuit-evasion motion occurred in a three-
dimensional environment. As for three-dimensional studies, earlier
work was done by Adler.21 The main viewpoint of his study was
that the three-dimensional relative motion can be described by the
principle plane defined by the instantaneous line of sight (LOS)
and by the missile's velocity. Shinar et al.22 used the linearized
three-dimensional model to analyze guidance laws. Guelman and
Shinar23 extended the optimal guidance law in the plane to three-
dimensional models and obtained a preliminary version of three-
dimensional optimal guidance law. Cochran et al.24 considered the
three-dimensional RTPN guidance problem; a partial solution has
been revealed. More recently, Yang and Yang25 proposed a system-
atic solution technique for three-dimensional guidance laws, and
the technique has been applied to generalized three-dimensional
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proportional navigation problems; complete solutions to the three
coupled nonlinear differential equations within spherical coordi-
nates were obtained without any linearization.

The discussion of the two-dimensional PN guidance law had used
moving polar coordinates wherein the origin is fixed on the missile
to characterize the relative motion. In three-dimensional models,
seeker measurements are spherical in nature26 (range and angles)
and are, therefore, nonlinear functions of the state in Cartesian co-
ordinates. The nonlinear transformation of states could be avoided
if the guidance laws were formulated in spherical coordinates. Thus,
moving spherical coordinates seem to be most natural in character-
izing three-dimensional relative motions.

Hence, we will use spherical coordinates to describe the relative
motion of a target with respect to the missile that is the origin of
the moving coordinates and is guided by three-dimensional RTPN.
The resulting relative motion is governed by three second-order
nonlinear differential equations whose solution has never been dis-
cussed before. Based on the systematic framework25 for analyzing
three-dimensional guidance laws, we have made a breakthrough in
obtaining the analytical solutions of these coupled nonlinear dif-
ferential equations that are derived in terms of the unit angular
momentum defined by the relative motion. Unit angular momen-
tum in the space is an index measuring the departure tendency of
the three-dimensional relative motion from a fixed plane. If the rel-
ative motion occurs wholly within a fixed plane, then the direc-
tion of the relative angular momentum will remain constant dur-
ing the course of interception. Besides as an index for measuring
three-dimensional relative motions, unit angular momentum can be
used to establish a new moving coordinate that has a decoupling
effect such that the relative distance and azimuths can be solved
independently.

Systematic frameworks for analyzing three-dimensional guid-
ance laws are introduced in Sec. II. Three-dimensional RTPN is
defined in Sec. Ill, where three nonlinear differential equations de-
scribing the relative motion with respect to a nonmaneuvering target
are solved analytically, and the trajectory properties such as capture
region, time-to-go, range-to-go, and aspect angles are all derived
in closed forms. In Sec. IV, we solve the two-player-game problem
wherein a missile guided by three-dimensional RTPN is designed to
pursue a target guided by three-dimensional IPN. Numerical results
and additional physical insight about the three-dimensional RTPN
guidance law are discussed in Sec. V.

II. General Analysis of Three-Dimensional
Relative Motion

Consider the spherical coordinates (r, 9, 0) with origin fixed at
the missile, where r is the relative distance between missile and
target and 6 and </> are azimuths. Let (er,eQ,e$) be unit vectors
along the coordinate axes (see Fig. 1). According to the principles of
kinematics, the three relative acceleration components (ar, aQ,a$)
can be expressed by the following set of second-order nonlinear
differential equations:

r - r<j) - r92 cos2 0 — aTr - aMr = ar (la)

rO cos 0 + 2r0 cos </> — 2rcj)9 sin 0 = aT() — aMe = a0 (lb)

rip + 2r0 + r92 cos 0 sin 0 = aT(f> - aM<(> = (lc)

where ajT , ajQ , and a^ are the acceleration components of the target
and aMr ,aM() , and aM<j) are the acceleration components for the mis-
sile. To analyze these coupled nonlinear equations, we find that the

inertial reference

. > X'

Fig. 1 Three-dimensional pursuit geometry.

exploitation of the angular momentum of unit mass is very helpful.
The unit angular momentum h for the missile-target relative motion
is defined as

h = r x r (2)

where r is the relative displacement along the LOS and r is the
relative velocity. Accordingly, if the relative motion occurs within a
fixed plane, i.e., r and r are in the same plane during the interception,
then the direction of h will be constant: always perpendicular to the
plane spanned by r and r. Hence, the variation of the direction of h
is a natural measure for departure tendency of the relative motion
from a fixed plane.

Here, r and r can be expressed by the spherical unit vectors

r — rer (3 a)

r = rer + rO cos ̂ BQ + r^e^ (3b)

Substituting Eqs. (3) into Eq. (2) yields the expression for h,

h = heh = r2(-(j)e9 + 0 cos 0

where

+ 02 cos2 (h =

is the magnitude of h and

eh = (r2 / h)(-(j)ee + 0 cos 0*0)

(4a)

(4b)

(4c)

is the unit vector along the direction of h. According to the definition
of eh, we know that eh is perpendicular to er. We can find another unit
vector e^ that is perpendicular to both er and eh. It is straightforward
to verify

eh ~ (5)

The set of unit vectors (er,e^,eh) constitutes a new moving
coordinate system that is more convenient for describing three-
dimensional guidance laws than the conventional spherical coor-
dinates (er, ed, €$), as will be seen later.

We now proceed to derive the various physical components under
the new coordinate system (er ,e^,eh). The differentiation of Eq. (2)
gives

dh
d7

= r x r (6)

(7)

Using Eqs. (3a) and (7), the right-hand side of Eq. (6) can be rewrit-
ten as

where r is the relative acceleration defined by

r = arer

r x r = (-ra(l))e0 + (rae)e(/)

and the left-hand side of Eq. (6) becomes

•—(h) = heh + heh

(8)

(9)

where h and eh can be obtained from the differentiation of Eqs. (4b)
and (4c) with respect to time r. Upon differentiating h and eh, we
need the relations

er = (jj x er, £0 = LJ X 60,

where u; is the angular velocity of the moving coordinates (er, ee,
e^) that can be derived as

u; = 9 sin 4>er — 4>e0 + 0 cos (fre^ (10)
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and h and eh are found as follows:

2rr (02 + 02 cos2 0) + r2 (99 cos2 0 - 002 sin 0 cos 0 + 00)

COS20
(lla)

eh =
y 02 + 02 cos2 0

0(00 + 00 cos2 0 -020sin0cos0)
0 +02COS20

— 02 sin0 cos 0 Je0 + I $ cos 0 — 00 sin 0

00 + 00 cos2 0 — 020 sin 0 cos 0)
0 + 02 cos2 0

. . . \ 1
— 00 sin 0 100

(lib)
Equations (11) are substituted into Eq. (9) to obtain

— (h) = -r (r0 + 2r0 + r 92 cos 0 sin c/))e9 + r (r0 cos 0
d£

+ 2r0 cos 0 - 2r00 sin 0)e0 (12)
If we equate Eq. (6) with Eq. (12), we go back to the results of
Eqs. (Ib) and (Ic); however, this fact manifests that the roles of
Eqs. (Ib) and (Ic) can be replaced by the roles of Eqs. (11) in de-
scribing the relative motion. Equations (11) can be further simplified
to the following form:

h =r - (r x eh) = (r3//*)(«00 +#00 cos0)

-eh^ = (r* / h2)(ae<j>

(13a)

f (I3b)eh =

The remaining equation describing the relative motion comes from
Eq. (la), that can be rewritten in terms of h as

i = ar (13c)

Equations (13) are equivalent to Eqs. (1), but Eqs. (13) have the ad-
vantage of decoupling the radial motion from the tangential motion
as can be seen in the following sections.

III. Three-Dimensional RTPN with
Nonmaneuvering Targets

In the two-dimensional case, RTPN is so called because accel-
eration of the missile is proportional to the angular velocity SI of
LOS (r) and proportional to the instantaneous closing velocity rer.
In the three-dimensional case, the commanded missile acceleration
aM can be readily extended to the vector form

aM = Xfer x 17 (14a)

where A is the proportional navigation gain. The angular velocity ffc
of r can be found from the relation

= (rxr) / r 2 =h/r2

= -(j)ee + 9 cos 0^0 (14b)

where Eq. (4a) has been used to obtain Eq. (14b). Therefore, missile
acceleration becomes

flM = ̂ er x (/i/r2) - -X(hr/r2)eJ; (15)

In this section only a nonmaneuvering target is assumed, i.e., aT = 0.
After substituting Eq. (15) into Eqs. (13), we have

r - (h2/r3) = 0

h = X,h(r/r)

(16a)

(16b)

(16c)

Equations (16a) and (16b) can be solved together, leading to the
following results:

h = h()(r/r())x

Combining Eqs. (14b) and (17) yields

(17)

(18)

(19)

To maintain finite commanded acceleration, the navigation constant
A must be greater than 2. The capture area of three-dimensional
RTPN can be evaluated from the terminal condition: r(tf) — 0,
r(tf) < 0. From Eq. (18) we find that for a successful interception,
the initial conditions must fall within the following range:

|rp| 1
(20)

To have the analytical solution independent of the initial conditions,
a nondimensionalized process is required before we proceed further.
Dimensionless variables are defined as follows:

h = h (21)

where Vb = |rol is the initial relative speed defined as Vb = -v/t/o +
/IQ/TQ). With the help of these dimensionless variables, the capture
region defined by Eq. (20) can be rewritten in a more compact
form as

ho < v/1 - (1 A) (22)

Unlike the conventional expression of the capture region5-14'17 that
was defined in the two-parameter space (Vro, V6o), here we can see
that capture region can, indeed, be defined by using only one pa-
rameter: unit angular momentum h^.

The dimensionless forms of Eqs. (17) and (18) become

dp
dr ô2 A, - 1(P,2A-2 _ 1)

(23)

(24)

The integration of Eq. (24) then gives the relation between normal-
ized range to go p and normalized forward time r,

--/* dp

The duration of interception can be found as

dp

(25)

(26)

The commanded missile acceleration can be calculated from
Eq. (15):

-2

(27)

The total normalized cumulative velocity increment A V of the mis-
sile during interception is defined as

= r«/0
dr (28)
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Substituting Eqs. (24) and (27) into Eq. (28), we have

•-r dp =
A,-1

(29)

There are three time functions, p(0, 0(0, and 0(0, needed to de-
scribe the three-dimensional relative motion within the spherical
coordinates. Up to this stage, only relative distance p(0 is obtained.
The following work is to find the azimuths 9 (t) and 0 (t). This step is
much harder than the solution of r. The problem is attacked starting
from Eq. (16c). Substituting Eq. (1 Ib) into Eq. (16c) and using the
transformation between the two coordinate systems (er, eg, e^) and
(er, e^, €h), we obtain the key equation characterizing the behavior
of 0(0 and 0(0 as

9 cos 0 — 00 sin 0 0COS0 (00 cos2 0 — 002 sin 0 cos 0 + 00)
-0 0(02+02COS20)

(30)

This equation can be simplified to a totally differentiate form:

d(0cos0) d(02+02cos20)
-6>cos0 2(0 + <92cos20)

and the integration gives

tan0 d0 = 0

0 + 02cos2

02 cos4 0
cos

91 COS4 0o
(31)

where / is an integration constant. The preceding equation can be
solved for 0 in terms of 92:

= (/2 cos4 0 - cos20)('— (32)

The other relation between d0/dt and d0/dr comes from Eq. (4b):
2 / , ^ \ 2

(33)

Substituting Eqs. (23) and (32) into Eq. (33) yields
2

(34)

which, in turn, is substituted into Eq. (32) to obtain the expression
for d0/dr as

(35)

The relation between 0 and p can be obtained by integrating Eq. (35)
with the help of Eq. (24):

r* d
Jo J l - l -2 - 2

== sign(00) (36)

The remaining step is to relate 0 to 0 by integrating Eq. (32):

6 = sign -f
2 —

(37)
cos~

It can be observed from Eqs. (35) and (37) that both 0(r) and 0(r)
are monotonically increasing when 9() > Oand00 > 0, whereas both
9(r) and 0 (r) are monotonically decreasing when #0 < 0 and 00 <
0. Without loss of generality, we will assume ft) = 0, 0o = 0,00 > 0,
and 0() > 0 in the following discussion. These initial conditions can
be naturally achieved by choosing the inertial reference line as the
initial LOS and by defining the positive directions of 9 and 0 as the
directions of 9o and 00.

To express the solutions more explicitly, we find that the intro-
duction of the following auxiliary azimuths ^r and 17 is very helpful.
The first auxiliary azimuth ^ is defined as

COS I/*"

COS I

_

ho

(38)

(39)

When interpreted in terms of C, the capture region defined in
Eq. (22) is equivalent to the condition C < 1.

The second auxiliary azimuth 77 is defined as
cos 77 1

where f a = cos"1 C and C is defined as

C _ 1 ( *> ^ _

VAT^TVJ*

cos 770 cos 0
(40)

where cos 770 = I / / = 0o/\/(#o + 0o) < 1. Instead of normalized
time T and range to go p, we find that ̂  and 77 are more appropriate
for use as independent variables to describe the three-dimensional
relative motion. Parameters Ti, p, T, 0, and 0 can all be expressed
by i/s and 77. From Eqs. (23) and (38), we have

/ N va-i)-fc/-fc. = ^.cosi
V cos ^o

(41)

The relation between time T and ^ is established by substituting
Eq. (38) into Eq. (25). After some manipulations, we have

i /•'
\n>\/V0J. sin ^o + cos2 V^oP2x ~ 2

(42)

The required time of interception is attained by setting p = 0 in
the lower limit of the preceding integration:

1 /"
T/ ~ ~————— /kol/Vb J()

dp

o + cos2
(43)

This integration can be expressed by elliptic functions. Azimuth 0
is related to ty by substituting Eq. (38) into Eq. (36), leading to the
following identity:

/•cosy/0
: /J COST/f

d(COS VO

1 ./cosf v sin2 i/^o + cos2 ty -fJo

d0
- l~2 COS"2 0

(44a)

The integrations involved in Eq. (44a) can be evaluated in terms of
elementary functions, leading to the following explicit formula:

0 = sin"1

x sin
sinh l cot I//Q — sinh l (cos ̂ / sin i/^o;

(44b)

On the other hand, 9 is related to 77 by substituting Eq. (40) into
Eq. (37):

(45)

,/cos2 77 - /~2

_! / sin 77 \
= cos l { -——

V sm 770 /

The auxiliary azimuth 77 has a concrete physical meaning. Com-
bining Eqs. (31) and (40), we can show that

sin 77 = cos 77 = (46)——————————.———————————————— , V^V/O ,/ ——— ——————————.————————————————

V 02 + #2 cos2 0 V 02 + #2 cos2 0

Substituting Eqs. (46) into Eq. (4c) yields

eh = - sin 77 e9 + cos 77 ̂  (47)
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eh

Fig. 2 Angle rj between e^ and

This reveals that rj is the angle between e^ and e^, as shown in
Fig. 2. As mentioned earlier, eh is normal to the instantaneous plane
spanned by r and r. Consequently, when the relative motion remains
within a fixed plane in the three-dimensional space, the direction of
6h will not change. This is what we have derived in Eq. (16c). In
the following we will show that when a nonmaneuvering target is
pursued by a missile guided by three-dimensional RTPN guidance
law, the whole relative motion, indeed, occurs within a fixed plane,
but this plane may not be limited to the horizontal x-y plane. To show
€h is fixed in the three-dimensional space, the most natural way is to
express eh in terms of the inertial coordinates (ij, k), and to show
that the components of eh in the i, j, and A: directions are all constant.

Exploiting the transformation between the spherical coordinates
and the inertial Cartesian coordinates,

eB = — sin 9i + cos Oj

= — sin (/) cos 0i — sin (/> sin Oj + cos <f)k

we can express e^
coordinates as

eh = (sin 77 sin 0

of Eq. (47) in terms of the inertial Cartesian

cos 77 sin 0 cos 0)i

+ (—sin 77 cos 0 — cos r] sin </> sin 0)j + (cos 77 cos (f>)k (48)
The simplification of Eq. (48) needs two relations from Eqs. (40) and
(45):

sin 77
cos 9 = sin 0 = cot T]O tan 0 (49)sin 770

Using Eqs. (40) and (49), we can establish the following identities:
sin 77 sin 9 — cos 77 sin 0 cos 0 = 0 (50a)

—sin 77 cos 9 — cos 77 sin 0 sin 0 = —sin 770 (50b)

cos 77 cos 0 = cos 770 (50c)

Therefore, Eq. (48) becomes
Ch; = — sin77o7 + cos 770 A: (51)

As expected, e^ is fixed in the inertial coordinates and the constant
orientation of the plane where the relative motion occurs is deter-
mined by 770 that is defined by the initial angular rates as

770 = cos

Since we have chosen 6() = 0 and 0() = 0, the moving spherical
coordinates coincide with the inertial Cartesian coordinates at the
start of the interception, i.e., er = i, e9 = j, and e^ = k (see
Fig. 2). Hence, at the beginning of interception Eq. (47) is reduced
to Eq. (51). As the interception proceeds, 77 is changing from 770 and
the spherical coordinates (er, e^.e^} rotate continuously in such a
way that the orientation of eh — —sin r\e9 + cos 77^ keeps fixed in
the space, as depicted in Fig. 2.

IV. Two-Player Game: Three-Dimensional RTPN vs
Three-Dimensional IPN

It is not surprising that the results of Eqs. (17-19) are identi-
cal to those in Ref. 14 because PN always can be described as a
two-dimensional solution for nonmaneuvering targets. For maneu-
vering targets with general three-dimensional trajectories, however,

the relative motion resulted from PN cannot be described by a two-
dimensional plane, and in these cases the study of three-dimensional
relative motion has its merits. In this section, we consider a three-
dimensional RTPN guidance law with a maneuvering target. Instead
of assuming an artificial target motion, we examine the air com-
bat game where a missile guided by three-dimensional RTPN is
designed to pursue a target guided by three-dimensional IPN. The
general analysis framework introduced in Sec. II allows the analysis
of these two guidance laws under a unified approach.

IPN is a new guidance scheme with commanded acceleration ap-
plied in the direction normal to the relative velocity between missile
and target. It is reported15 in the two-dimensional case that with
some more energy consumption, this new guidance scheme has a
larger capture region and is much more effective than the other
schemes. The commanded acceleration of target according to three-
dimensional IPN guidance law has the vector form

aT = -

= XT(h2/r3)er (52a)

where AT is the navigation constant of target and CtM/T is the angular
rate of LOS as observed from target. The minus sign in Eq. (52a)
means that the effort of the target is to increase the LOS rate.

According to the definition of three-dimensional RTPN, the com-
manded missile acceleration aM is given by Eq. (15):

aM = r x

- XMrer(h/r2)

= —^M(hr/r2)e^ (52b)

where AM is the navigation constant of the missile and £IT/M is the
angular rate of LOS between the target and missile as observed by
the missile. The effort of the missile is to decrease the LOS rate.
Comparing Eq. (52b) with Eq. (52a), we can see that IPN has an
additional acceleration component that provides IPN with additional
freedom of motion. This explains why IPN is much more effective.

The relative acceleration becomes
a = aT - aM

After substituting Eq. (53) into Eqs. (13), we obtain the set of non-
linear equations describing the two-player game,

r - (h2/r3) = XT(h2/r3) (54a)

h = (AM — X.r)h(r/r) (54b)

eh=0 (54c)

Equations (54) can be solved by the same procedure as given in the
preceding section. First, Eqs. (54a) and (54b) are solved together,
leading to the following dimensionless forms:

(55a)
w-*r-2 (55b)= h/r2 =

dp
dr

,72

A M - A T - ! A M - A T - !
55

To maintain the finite acceleration requirement, the navigation con-
stant of missile AM has to satisfy

AM > XT + 2 (56)
Initial conditions that guarantee successful interception can be de-
rived from Eq. (55c):

|ro|/Vb

or, equivalently,

+ 1)AM]

(57a)

(57b)



574 YANG AND YANG

1

0.8

0.6

0.4

0.2

0

Capture
area

Bo

Bi

Fig. 3 Capture area for target maneuvering by three-dimensional IPN

D4282CoD2 : RTPN-guided target
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Fig. 4 Capture area for target maneuvering by three-dimensional
RTPN and three-dimensional IPN.

by noting that Vt^o + (ro/Vo)2] = 1- The capture region defined
by Eqs. (56) and (57b) is depicted in Fig. 3, where the upper bound
of AM is set equal to 6 to avoid instability caused by time lags and
noise. As expected, the capture area is narrowed gradually when XT-
increases. If XT = 0, Eq. (57b) reduces automatically to Eq. (22),
which is the capture area of three-dimensional RTPN with a non-
maneuvering target. As for the case where a RTPN-guided missile
pursues a RTPN-guided target, the corresponding capture region is
given by

(58)

The duration of interception rf can be obtained by setting p = 0
in the upper limit of the preceding integration. The commanded
missile acceleration for a RTPN-guided missile pursuing an IPN-
guided target can be evaluated from Eq. (52b):

aM

dr

(X r -
V2vo AM - Ar - 1 AM — AT — 1

(60)

The total normalized cumulative velocity increment A V required by
the RTPN-guided missile pursuing a IPN-guided target is calculated
by integrating Eq. (60) with the help of Eq. (55c):

AV =
aM dr

^•A/—A-r-2

-I fib (61)

On the other hand, the total normalized cumulative velocity incre-
ment A V required by the RTPN-guided missile pursuing an RTPN-
guided target is found as

(62)

Comparing Eq. (61) with Eq. (62), we can see that much more energy
consumption is required to intercept an IPN-guided target.

The preceding discussions all result from the solution of
Eqs. (54a) and (54b). The remaining problem is to solve Eq. (54c).
Since Eq. (54c) is identical to Eq. (16c), the solutions obtained from
Eqs. (30-33) are still valid for the case of maneuvering targets. Solv-
ing d9/dr and d^/dr from Eqs. (32), (33), and (55a), we obtain

dr / cos2 4>

dr
2 / i _ / - 2

(63a)

(63b)

Combining Eqs. (55c) and (63b) yields

/'Jo
(64)

- AT - 1)] + [(Ar - Ar - 1)]

This region is compared with the already given capture region for the
IPN-guided missile in Fig. 4. It is observed that the capture region
defined by Eq. (58) is larger than the region defined by Eq. (57b) by
noting that

This observation reveals the fact that the IPN-guided target is harder
to intercept than the RTPN-guided target.

Equation (55c) is integrated to get the relation between normal-
ized time r and range to go p,

As in the case of nonmaneuvering targets, here we introduce two
auxiliary azimuths r] and ty to simplify the derivation. The auxiliary
azimuth 77 is defined in the same way as Eq. (40) and the relation
between B and r\ is also given by Eq. (45). The other auxiliary
azimuth ̂  is defined as

(65)
COS

where ^o = cos-1 #, with B defined by

B =
AT + 1

(66)

—I'j\ V (>o/Vo2 " - Ar - 1)] + [(XT - XT - 1)]
(59)



YANG AND YANG 575

It is easy to verify that the capture region defined in Eq. (57b) is
equivalent to the condition B < 1. We can use ^ and rj to express
h, </>, 9,..., and so on. For example, from Eqs. (55a) and (65), we
have

Tl ( COS T/f

HQ YCOS^O

Using Eq. (65) in Eq. (64), we obtain the expression for 0,

[" sinh"1 cot I/TO — sinh"1 (cos \jf/ sin tyo)
= sin < sin rjo sin

(67)

])
(68)

Finally, the required time of interception is evaluated by substituting
Eq. (65) into Eq. (59):

T / = = TZ
dp

° Jo y sin2 tyo + cos2 i
(69)

V. Analytical and Numerical Results
The analytical solution of the nonlinear differential equations

describing the motion of a three-dimensional RTPN-guided missile
pursuing a three-dimensional IPN-guided target is summarized as
follows.

1) The three second-order nonlinear differential equations to be
solved are Eqs. (1) with the missile acceleration and target acceler-
ation given by Eqs. (52b) and (52a), respectively,

r - (Xr + l)r^2 - (XT + l)r<92 cos2 0 = 0 (70a)

rO cos (/) - (AM - \T - 2)r9 cos 0 - 2r6(j) sin 0 = 0 (70b)

r0 - (AM - AT - 2)r</> + rO2 cos 0 sin 0 = 0 (70c)

where XT = 0 corresponds to a nonmaneuvering target.
2) The six initial conditions are given by r(), r{), 0(), #(), 00, and 0o.

Without loss of generality, we choose the inertial reference line as
the initial LOS and choose the directions of the spherical coordinates
such that #o = 0() = 0, 00 > 0, and 0() > 0.

3) The various integration constants are determined from the fol-
lowing relations:

(7 la)

(71b)

(71c)

4) At any instantaneous normalized range to go p = r/r0, deter-
mine the auxiliary azimuth ty from Eq. (65).

5) Determine the azimuth 0 from the auxiliary azimuth ty via
Eq. (68).

6) Determine the auxiliary azimuth 77 from the azimuth 0 via
Eq. (40).

7) Determine the azimuth 9 from the auxiliary azimuth 77 via
Eq. (45).

8) Determine the normalized forward time r from the normalized
range p via Eq. (69).

The analysis of the three-dimensional RTPN guidance law can
be greatly simplified by using the explicit formulas. Some inherent
properties of the three-dimensional RTPN, gained from numerical
results, are discussed in the following.

A. Influence of Navigation Constant
Figures 5-8 show the variations of £2, dp/dr, </>, and 9 with re-

spect to the dimensionless relative distance p for various values of
navigation constant A and for various initial conditions. The relative
motions can be divided into three categories according to the value
of A.

1) Divergent relative motion is when A < 2; the angular rate
of LOS, the azimuths 9 and </>, and the maximum required missile
acceleration all grow without bound, indicating a failure of inter-
ception.

2) Steady-state relative motion is when X — 2; from Eq. (19),
we have £2 = £20 = const. In this case, the missile approaches the
target steadily, and the required interception time is evaluated from
Eq. (26) as

3) Convergent relative motion is when A > 2; all of the physical
variables converge as the collision point is approaching, and the
converging speed of the relative motion increases as X is increased.

0.4 0.6 0.8
P

Fig. 5 Angular rate for LOS: /TO = 0.5.
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Fig. 6 Closing speed for three-dimensional RTPN: A = 4.

0.2 r

Fig. 7 Azimuth angle 0 for three-dimensional RTPN with varying I:
X = 4 and hQ = 0.5.
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Fig. 8 Azimuth angle 0 for three-dimensional RTPN with varying /:
A = 4 and /t0 = 0.5.

Fig. 9 Maximum acceleration vs initial angular momentum.

B. Influence of Initial Conditions
The analytical solutions in dimensionless form are determined

uniquely by two parameters h() and / (^0 and 770, equivalently)
that have the following physical interpretation as can be seen from
Eqs. (71b):

tangential relative velocity
total relative velocity

tangential velocity in the 9 direction
total tangential velocity

Hence, as l~l -> 1, the target is escaping in the 9 direction initially.
In this case, the azimuth 9 undergoes large variation (see Fig. 8),
while the azimuth <£ is nearly constant (see Fig. 7). On the other hand,
as l~l -> 0, the target's initial evasion is along the 0 direction. In
this case, the azimuth (/> undergoes large variation (see Fig. 7), while
the azimuth 9 is nearly constant (see_Fig. 8)._

Next, we consider the effect of h(]. As ho -» 1, the target is
escaping initially almost along the tangential direction, resulting
in a large maneuver in the 0 and 0 directions and necessitating
large commanded missile acceleration and large energy consump-
tion (see Figs. 9 and 11, respectively), and requiring longer time
to pursue (see Fig. 10); while h() -> 0, the target is escaping ini-
tially almost along the radial (LOS) direction, and very_small missile
acceleration is required (see Fig. 9). In the case of h() near 0, the
influence of navigation constant is quite insignificant. But when h^
approaches the boundary of the capture area, as shown in Fig. 3,
a large navigation constant can remarkably improve the efficiency
of interception. In the preceding numerical simulations, the value
of ho may not cover the full range between 0 and 1, since h() must
be restricted to the capture area depicted in Fig. 3 for a successful
interception.

There is a simple expression for the largest commanded accel-
eration of a RTPN-guided missile. From Eq. (60), we see that the

0 0.2 0.4 _ 0.6 0.8 1

Fig. 10 Time of interception vs initial angular momentum.
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Fig. 11 Energy cost for nonmaneuvering target.

1

6 .

5

Fig. 12 Time of interception for maneuvering target.

largest commanded missile acceleration occurs at p = 1, i.e., at the
beginning of the interception. Hence,

This expression is valid for both nonmaneuvering and maneuvering
targets guided by three-dimensional IPN. Among all possible values
of ho, we have

and the maximum is achieved at h() — 1/V2 (see Fig. 9).

C. Maneuvering Target
In this section, we consider the motion of a three-dimensional

RTPN-guided missile pursuing two kinds of maneuvering targets.
One is an IPN-guided target and the other is a RTPN-guided target.
The capture areas of these two targets have been compared in Fig. 4.
The required time of interception rf and the required energy con-
sumption for both targets are shown in Figs. 12 and 13, respectively.
From these figures, we can see that for IPN-guided targets 1) the
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Fig. 13 Energy cost for maneuvering target.

capture area is smaller, 2) the required time of interception is longer,
and 3) the required energy consumption of missile is larger.

VI. Conclusions
This paper is devoted to the study of three-dimensional pursuit-

evasion motion. Three second-order nonlinear differential equations
that describe the motion of missiles guided by three-dimensional re-
alistic true proportional navigation are solved analytically without
any linearization. Trajectory and performance analysis are described
in terms of the unit angular momentum defined for the relative mo-
tion and the success of the RTPN guidance law strongly depends on
the initial value of this unit angular momentum. In the two-player
game analysis, the IPN-guided targets, as compared with the RTPN-
guided targets, are much harder to intercept, with larger required
energy consumption of the missile and longer time of interception,
as well as with smaller capture area.
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